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\S 1 KP hierarchy, Toda lattice hierarchy
KP hierarchy hiearchy
[6], [7], [8]
KP hierarchy. $t=(t_{1}, t_{2}, t_{3}, \ldots)$
$u_{t}(t)(i=2,3, \ldots)$ (micordif-
ferential operator) $t_{1}$ $x$
$\partial=\partial/\partial x$ Lax $L=L(t)$
(1.1) $L=\partial+u_{2}(t)\partial^{-1}+u_{3}(t)\partial^{-2}+\cdots$
$u_{i}(t)$ ( ) Lax
(12) $\frac{\partial L}{\partial t_{n}}=[B_{n}, L]$ , $n=1,2,$ $\ldots$
$B_{n}$
(13) $B_{n}=(L^{n})\geq 0$
$\geq 0$ $\partial$ ” :
$P= \sum_{n\in Z}a_{n}\partial^{n}arrow P\geq 0:=\sum_{n>0}a_{n}\partial^{n}$.
KP hierarchy Grassmann
$\tau$ Grassmann PlUUcker P\"ucker
$GL(\infty)$ ($gl(\infty)$ )
hiearchy Lax
$s\in \mathbb{Z}$ $t=(t_{n})_{n\in Z,n\neq 0}$ $\phi,$ $u_{n},\overline{u}_{n}$




(1.7) $B_{n}=\{\begin{array}{ll}(L^{n})>0+\frac{1}{2}(L^{n})_{0}, (n>0),(\tilde{L}^{-n})<0+\frac{1}{2}(\tilde{L}^{-\mathfrak{n}})_{0}, (n<0).\end{array}$
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$s$ $(e^{n\partial_{l}}f(s)=f(s+n))$ $B_{n}$








$[,]$ Poisson $\{$ , $\}$ [3]
KP hierarchy $\partialarrow w$





: $\mathcal{P}=\sum_{n\in Z}a_{n}w^{n}arrow \mathcal{P}\geq 0:=\sum_{n\geq 0}a_{n}w^{n}$ .
KP hierarchy ($dKP$ hierarchy)
(2.10) $\frac{\partial \mathcal{L}}{\partial t_{n}}=\{\mathcal{B}_{n}, \mathcal{L}\}$ , $n=1,2,$ $\ldots$
symbol Poisson
$e^{n\partial}$. $w^{n}$ $e^{\partial_{\text{ }}}$
$s$
$[e^{\partial}\cdot, s]=e^{\partial}$. Poisson $\{w, s\}=w$
$s$
(2.11) $\{f(w, s),g(w, s)\}:=w(\frac{\partial f}{\partial w}\frac{\partial g}{\partial s}-\frac{\partial f}{\partial s}\frac{\partial g}{\partial w})$
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dKP hierarchy (1.4)
Lax $B_{n}$ $w$ $s$ $t=(t_{n})_{n\in Z,n\neq 0}$
(2.12) $\mathcal{L}=e^{\phi}w+u_{1}+u_{2}w^{-1}+u_{3}w^{-2}+\cdots$ ,
(2.13) $\tilde{\mathcal{L}}^{-1}=e^{\phi}w^{-1}+\overline{u}_{1}+\overline{u}_{2}w+\overline{u}_{3}w^{2}+\cdots$ ,
(2.14) $\mathcal{B}_{n}=\{\begin{array}{ll}(\mathcal{L}^{n})>0+\frac{1}{2}(\mathcal{L}^{n})_{0}, (n>0),(\tilde{\mathcal{L}}^{-n})<0+\frac{1}{2}(\tilde{\mathcal{L}}^{-n})_{0}, (n<0).\end{array}$
(1.5), (1.6), (1.7) $\mathcal{B}_{n}$ $>0,0,$ $<0$
$w$ : $A= \sum_{n\in Z}a_{\mathfrak{n}}w^{n}arrow A_{S}:=$
$\sum_{n\in S}a_{n}w^{n}(S=\{n|n>0\}, \{0\}, \{n|n<0\})$ .
Toda lattice hierarchy (dToda hierarchy) Lax ‘ (1.4)
(2.15) $\frac{\partial \mathcal{L}}{\partial t_{n}}=\{\mathcal{B}_{n}, \mathcal{L}\}$ , $\frac{\partial\tilde{\mathcal{L}}}{\partial t_{n}}=\{\mathcal{B}_{n},\tilde{\mathcal{L}}\}$ ,
KP hieararchy DJKM [10]





$\tau$ log $\tau$ ( $KP/Toda$ hierarchy $\tau$ log
) $KP/Toda$ hierarchy
[3] differential Fay identities
(Grassmann Pl\"ucker
KP hierarchy
;[3] Appendix B) Teo [11]
( L\"owner
)
dKP dToda (cf. [5], [11], [12]).
(2.8) Lax $\mathcal{L}(t;w)$ $w$ $k(t;z)$
$\mathcal{L}(t;k(t;z))=z,$ $k(t;\mathcal{L}(t;w))=w$ $z$
$k(t;z)$ Grunsky $b_{m,n}(m, n\geqq 1)$
:
(3.16) $- \sum_{m,n=1}^{\infty}b_{m,n}(t)z_{1}^{-m}z_{2}^{-n}=\log\frac{k(t;z_{1})-k(t;z_{2})}{z_{1}-z_{2}}$ .
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Bieberbach 1940 (





(3.17) $k(t;z)=z+ \sum_{m=1}^{\infty}b_{1,m}(t)z^{-m}$ .
dKP hierarchy :(2.8) $\mathcal{L}(t;w)$
dKP hierarchy $t$ log $\tau_{dKP}(t)$
$\mathcal{L}(t;w)$ Grunsky $b_{m,n}(t)$
(3.18) $\frac{\partial^{2}}{\partial t_{m}\partial t_{n}}$ log $\tau_{dKP}(t)=-mnb_{m,n}(t)$
Teo log $\tau_{dKP}(t)$
(3.18) $b_{m,n}$ (3.17) $k(t;z)$
log $\tau_{dKP}(t)$ (3.16) log $\tau_{dKP}(t)$
( )













Bieberbach 1916 $n=2$ $n=3$
7 1923 K. L\"owner1 L\"owner
parametric method [14] $n=4$: Garabedian-Schiffer (1955),
$n=6$ : Ozawa, Pederson (1968-69), $n=5$: Pederson-Schiffer (1972), $\ldots$ $n$
$n$
( $n=6,$ $n=5$ Grunsky
)




($t>0$ $|\gamma(t)|<1$ ) Jordan $(\gamma(t)\neq 0)$
$K_{t}$ $:=\gamma([0, t])$ $\Delta\backslash K_{t}arrow\Delta\sim$ $A_{1}\check{\mathcal{D}}$Riemann
(4.20) $g_{t}(z)=e^{-\phi(t)}z+O(z^{2})$ , $\phi(t)\in \mathbb{R}$ , $g_{0}(z)=z$ .
$\kappa(t)(|\kappa(t)|=1)$ ‘




$w=g_{t}(z)$ (4.20) $z=0$ $w=0$ $\Delta\backslash K_{t}$
$\Delta$
$H:=\{z|{\rm Im} z>0\}$





1999 [18] ) 2000 Schramm
[19] $H$ $t$
$H\backslash K_{t}arrow\sim H$ $g_{t}(z)$





(4.23) $\frac{\partial g_{t}}{\partial t}=\frac{1}{g_{t}-U(t)}\frac{da_{1}}{dt}$
( [20]) chordal L\"owner
(4.21) }$a$ radial L\"owner Schramm
$U(t)$ Brown (Stochastic L\"owner Evolution






chordal L\"owner dKP hierarchy Chordal L\"owner
(4.23) $U_{i}(\lambda)$ $\lambda=(\lambda_{1}, \ldots, \lambda_{N})$
$g(\lambda;w)$




) $f(\lambda;w)=w+O(w^{-1})$ $g$ $z$ :
$f(\lambda;g(\lambda;z))=z$, $g(\lambda;f(\lambda;w))=w$ .
$f(\lambda;w)$
(5.26) $\frac{\partial f}{\partial\lambda_{i}}(\lambda;w)=\frac{-1\partial a_{1}\partial f}{w-U_{i}(\lambda)\partial\lambda_{i}\partial w}(\lambda;w)$ .
(5.24)
((5.24) (5.26)) $a_{1}(\lambda)$ $U_{i}(\lambda)$
(5.27) $\frac{\partial U_{j}}{\partial\lambda_{i}}=\frac{1\partial a_{1}}{U_{j}-U_{i}\partial\lambda_{i}}$ , $\frac{\partial^{2}a_{1}}{\partial\lambda_{i}\partial\lambda_{j}}=\frac{-2\partial a_{1}}{(U_{i}-U_{j})^{2}\partial\lambda_{i}}\frac{\partial a_{1}}{\partial\lambda_{j}}$
(SLE [20]
Gibbons-Tsarev [17] (5.24) )
$g(w)$ Faber $\Phi_{n}(w)$ $f(w)^{n}$ $w$
(cf. [13] Chapter 4, [11]):
(5.28) $\Phi_{n}(\lambda;w)=(f(\lambda;w)^{n})\geq 0$.
$t=(t_{1}, t_{2}, \ldots)$ $\lambda_{i}(t)(i=1, \ldots, N)$
:




$\ovalbox{\tt\small REJECT}$w\Phi “local” :
(5.30) $\sum_{n=1}^{\infty}t_{n}v_{n,i}(\lambda(t))=F_{i}(\lambda(t))$ .
$F_{\dot{*}}(\lambda)$ ( ) [21]
: $\mathcal{L}(t;w)$ $:=f(\lambda(t);w)$ dKP hierarchy o
Gibbons-Tsarev [17] [18] $t_{1}$ $t_{2}$
( ) Yu-Gibbons [22]
flow ( ) Manas-Mart\’inez Alonso-Medina
[23] ( “ ” WKB
$S$ (cf. [3]) ) [12]





$\lambda=(\lambda_{1}, \ldots, \lambda_{N})\in \mathbb{R}^{N}$ $\phi$





$f(\lambda;g(\lambda;z))=z$ , $g(\lambda;f(\lambda;w))=w$ .
$F(\lambda;w)$ $G(z)$ (5.26)
Faber $g$ $G$ :
(5.33) $\Phi_{n}(\lambda;w)=(f(\lambda;w)^{n})\geq 0$ $\Psi_{n}(\lambda;w)=(F(\lambda;w)^{-n})\leq 0$ .
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$\lambda_{i}(s, t)(i=1, \ldots, N)$ :
(5.34) $\frac{\partial\lambda_{i}}{\partial t_{n}}=v_{n,i}(\lambda(s,t))\frac{\partial\lambda_{i}}{\partial s}$ .
(5.35) $v_{n,i}(\lambda):=\{\begin{array}{ll}w\frac{\partial\Phi_{n}}{\partial w}(\lambda;w)|_{w=\kappa:(\lambda)} (n>0),w\frac{\partial\Psi_{n}}{\partial w}(\lambda;w)|_{w=\kappa.(\lambda)} (n<0),\end{array}$
(5.29) (5.30) $\lambda(t)$
(5.36) $s+ \sum_{n\neq 0,n\in \mathbb{Z}}^{\infty}t_{n}v_{n,i}(\lambda(s,t))=F_{i}(\lambda(s,t))$ ,
( $F_{i}(\lambda)$ )
:
: $(\mathcal{L}(s, t;w)=f(\lambda(s, t);w),\tilde{\mathcal{L}}(s, t;w)^{-1}=\overline{f(\lambda(s,t);\overline{w}^{-1})})$ dToda hierarchy
Lax (2.15) $\{t|t_{-n}=-\overline{t}_{n}\}$ .





(1) $\mathcal{L}(w;t)$ dKP hierarchy $t=(t_{1}, t_{2}, \ldots)$ $\lambda(t)$
$f(w, \lambda)$ $\mathcal{L}(w;t)=f(w, \lambda(t))$ $f(w, \lambda)$ chordal
L\"owner $\mathcal{L}(w;t)$ $f(w, \lambda)$ $(N=1)$
(ii)dToda ( )
$N>1$ dKP Gibbons [17] [18]
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